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1 Introduction

In many practical problems we come across functions depending on more than one variable.
For example, the vibration at a point of a stretched string depends on its distance from end
points as well as time. Such functions are multivariable functions. That is, functions from
R? or, in general, R™ to R.

Since the function values depends on more than one variable, the rate of change of the
function values may be studied with respect to each one of the variables. This means that
such functions may have the so called partial derivatives. We define it in the case of a two
variable function.

Definition 1.1. We say that f : R? — R is said to have a partial derivative with respect to
x at a point xg if the limit
hoy) —
o TG0+ hy) = f(z0,9)
h—0 h

exists. The derivative of f with respect to x is usually denoted by %.

The same definition can be extended to multivariable functions having any number of
independent variables.

Now, as in the case of ordinary differential equations (ODE), one can consider equations
having partial derivatives.

2 Preliminaries

In this section we consider partial differential equations (PDE) and related preliminary con-
cepts.

Definition 2.1. An equation which involves a dependent variable, more than one independent
variables and the partial derivatives of the dependent variable with respect to the independent
variables is called a PDE.

The most general form of a PDE is

ou Ou *u  0%u

F N —...) =
(u7’:[:7y7 7a$76y’ 7ax27ax8y7 ) 0

For example,
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The order of the highest order derivative in the PDE is called the order of the PDE. In
2
the above example the PDE is of order 2 since % is the highest order derivative appearing.



3 Formation of PDE

We know that the ODE corresponding to an equation is obtained by differentiating it and
eliminating the arbitrary constants in the PDE. A first order PDE is formed by doing either
of the following, after partial differentiation with respect to independent variables.

1. Eliminating arbitrary constants in the equation
2. Eliminating arbitrary functions in the equation.

Note that in the case when z is dependent variable and x,y are independent variables in
PDE, we usually use the notations

0z 0z 0%z . 02z g 0%z .y
or D oy Copz = Toxoy oy
Example 3.1. Consider the equation z = (z + a)(y + b).
Differentiating partially, we have
0z 0z
= — = b = — =
p=45-=+b) g 9y (z +a)

Now eliminating a, b using the three equations, we form the PDE

z = pq.
Example 3.2. Consider the equation z = f(u — v), where f is an arbitrary function.

Differentiating partially this equation, we have

—8Z—f’(u—v)><1, q:%:f’(u—v)x—l.

p—%— oy

Now, eliminating f (or f’) we form the PDE: p = —q or

p+qg=0.

4 Solution of First order PDE

In this section, we consider the first order PDEs and their solution. Here also, z stands for
a dependent variable and x,y are independent variables, if not mentioned otherwise.

The general form of a first order PDE in two variables is

F(z,z,y,p,q) = 0.

There are many methods of solving first order PDEs: The ODE techniques, Lagrange’s
method for linear PDE, Charpit’s method, Jacobi’s method, method of separation of variables
etc.

4.1 Method 1: Reducing PDE to ODE

Some PDEs can be reduced to the form of ODE and can be treated as ODEs while solving.
For example, suppose that the PDE can be written as g—; = f(z,y). Then since z has been
differentiated partially with respect to z, we can reach back the solution by integrating it
with respect to x, treating y as constant. This will solve such kind of a PDE. One should be
careful to take the constant of integration as a function of y if the integration is by treating

Yy as a constant.



Example 4.1. Consider the PDE p = zy.

Here z has been differentiated with respect to z, treating y as a constant to arrive at
this PDE. Hence to solve it, one may integrate the PDE with respect to z, treating y as a

constant. This gives the solution:
2

x
ZZ?/?JFC(?J)

Note: This method can be applied to higher order equations also. For example, consider
0"z
W&’“y = f(z,y),

Here since z has been differentiated m times partially with respect to x and k times partially
with respect to y, we can reach back the solution by direct integration k times with respect
to y, treating x as constant and m times with respect to z, treating y as constant.

Example 4.2. Consider the PDE 8@282 = zy.

Here z has been differentiated first with respect to y, treating = as a constant and then
with respect to z, treating y as a constant to arrive at this PDE. That is

0 [0z

— | = | =2y

Oz \ Oy J
Hence to solve it, one may integrate the PDE first with respect to x, treating y as a constant
and then with respect to y treating x as a constant.

0z 22
(973/ = y? + Ci(y)

and integrating a second time with respect to y,

2
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Another situation when we can consider PDE as ODE happens when the PDE contains
only one independent variable explicitly, i.e., the other one is silent. Then one can treat it as
an ODE and solve it using ODE methods.

Example 4.3. Consider the equation % =zxz.

Here the variable y is silent. Hence it can be treated as the ODE g—; = xz. This can be
made variable separable and solved to get

2

Inz= % + C(y).

Note: case defined above can be used for solving higher order PDEs also.

Example 4.4. Consider the PDE:
0%z
dx?
Here the variable y is silent. Hence it can be treated as a second order linear ODE with
constant coefficients. That is

=4z

(D? —4)z = 0.

The roots of the auxiliary equation are 2, —2, real and distinct. Hence the solution will be
2= Cy(y) e¥ 4+ Cy(y) e 2.

Note that the constants may contain y, as y is treated as a constant in the process.



4.2 Linear PDE
A linear first order PDE is a PDE which is linear in p and ¢. That is

P(z,y,2)p+ Q(z,y,2)q = R(x,vy, 2),

where P, Q, R are functions of x,y, z is the form of a linear PDE of first order. In order to
solve it, we use a method called Lagrange’s method.

In Lagrange’s method, we consider an auziliary equation
de.  dy dz
P Q R
and solve it to get two independent solutions, say u = ¢; and v = co. Then the solution to
the linear PDE is given by

flu,v) =0
where f is an arbitrary function.
Example 4.5. Consider the PDE zp + yq = z.
The auxiliary equation is given by

dx
x Y z

@_dz

Now taking the first two equations and solving using variable separable method, we get
Inx = Iny+ Inc;, which becomes % = ¢1. Hence we can take

Similarly, by taking the last two, we get Iny = In z 4 In ¢y which gives £ = c3. Hence we can

take
Y

V= —.
z

Thus the solution of the given PDE is f(%, 2y = 0.

z
Note: Solution can also be f (%, Z) or any such, as there are many pairs of independent
solution to the auxiliary equation.

One may also use permissible combinations of the auxiliary equation. For example, since

E_E:}g_g_a—l—c_la—kmc
b d b d b+d lb+md

we can also have many equivalent forms of the auxiliary equation. In the above Example 4.5,

dv _dy dz _dz—y) dlx—2) dy-—=)

T Yy z T —y T —z y—2z

and we may get different solutions of the same PDE,

T—Y T—2

; , ) =0 etc.
x—z2y—z x—z2y—=z

Sometimes all the three parts of the auxiliary equation are combined to find the two
solutions. That is we may use

de _dy dz _ldz+mdy+ndz
P Q@ R IP+mQ+nR

with suitable [,m and n. The simple choices for [,m and n are constants or x,y and z or

L1 and L ete.
)y z



Example 4.6. Consider the PDE: (bz — cy)p + (cx — az)q = ay — bz.
The auxiliary equation is

dx dy dz ldx + mdy + ndz

bz—cy cx—az ay-—bx l(bz — cy) + m(cx — az) + n(ay — bx)
If we choose | = a,m = b,n = ¢, we get

dx dy dz  adx +bdy + cdz

bz—cy cr—az ay—br 0 ’
which implies d(az + by + ¢z) = 0, giving ax + by + cz = ¢;.
Choosing | = z,m = y,n = z, we get

dx dy dz xdx + ydy + zdz

)

bz—cy:cx—aziay—bxi 0
which implies d(% + % + %) =0, giving 22 + 3% + 2% = cs.
Thus the solution to the PDE is f(ax + by + cz, 2% + y? + 22) = 0.

4.3 Charpit’s method for solution of PDE

This method is usually used for solving first order non linear PDE. We consider any first
order PDE in two independent variables here, which is represented in the form

f(z,y,2,p,q) =0.

As in the case of linear equation we form a set of subsidiary equations, and we find a
relation between x, ¥, z, p, ¢ by solving the subsidiary equation:

de  dy dz _dp _ dy
_fp _fq _pfp_qu fz+nf: fy+sz
Let this relation be given by

(ﬁ(.’[‘,y, 2y 2 Q) =0.

By using this relation, find p and ¢ from the PDE in terms of the other variables, say
p= Fl(x7y7z7Q) and q= FQ(x7y7z7p)' Then

0 15)
dz = (T;dx + af;dy =pdx+qdy = Fi(z,vy, z,q) dx + Fx(z,y, z,p) dy,

which on solving gives the solution z of the PDE.
Example 4.7. Consider the PDE: p? 4 ¢% = 1.

The auxiliary equation is

de.  dy dz _dp _dq
—2p  —2¢ —2p2—2¢2 0 0

From the last two equations, we get p = a, a constant, and ¢ = b, another constant.

Now since p?+¢? = 1, we have a?+b? = 1, or in other words, b = V1 — a2 = b = /1 — a2.
Now substituting in the equation dz = pdx + q dy, we get

dz = adx ++1—a?dy,
which on integration, gives the solution
z=ax+V1—a’y+C

Note: This type of a solution(z = ax + g(a)y + C) is expected whenever the PDE is of the
form f(p,q) = 0, that is, it does not contain any terms in z,y, 2.



Example 4.8. Consider the PDE: p?z 4+ ¢*> —4 = 0.

The auxiliary equation is

de  dy dz dp dq

2z 2 2072422 PP —pPq

From the last two equations, we get
dp dq

)

p q
which gives p = C'q. Substituting in the PDE we can get p and ¢ in terms of z.

9 20
Jrcz 1T it ez

Now substituting in the equation dz = pdx + qdy, we get

P24+ Cp?—4=0=p=

dom 2 _dry 224
Vz+C? NEEochae

Vz+C2%dz =2dx + 2C dy,

which on integration, gives the solution

2\ 3
EXO ooy o
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In Charpits method also, we can use combinations of the subsidiary equation as in the
case of Lagrange equation.

Example 4.9. Consider the PDE: 22 = 2ypq.
The subsidiary equation is
dv

di dz B dp o dq
ryq ryp  2pqry  22p—pqy  2zq — pqx

By taking combinations of the first and second, and then using combination of last two, we
get:
_ pdx +qdy xdp + ydq

2rypg  2x2p — pqry + 2y2p — pary

adding the two:
_ pdx + qdy + xdp +ydq  d(xp + yq)

22(xp + yq)  2z(ap+yq)
Now equating this with the third item of the subsidiary equation:

dz _ dlzp+yq) _ dz _ d(zp+yq)

2pqry  2z(zp+yq) =z (zp+yq)

Solving it, we get In z = In (zp + yq) + In C, which gives
z=C(zp+yq)

Now for getting p in terms of other variables (in a simple form) make a substitution for yq

from the PDE:

2:2

z=Czp+ —)
Tp
This gives a quadratic equation in p, solving which we get p:

xz+ V1 —4C?%xz z

p*(ca®) —p(zz) + > =0=p= 502 =%




_ 2C
where K = 1+v/1-4C2"
Substituting this in the PDE, we get ¢ = %
Now, substituting in dz = pdx + qdy, we get

z Kz
dz=—4d —d
z Kz T + ” Y
dz 1 K
—=—4d —d
z Kz x—'_y 4

1
lnz= ?lnx—i-Klny%-lnCl

Hence the solution of the PDE is )
2z = Cizryk.

4.4 Jacobi’s method for solution of PDE

Here also we consider a first order non linear PDE, in general, of the form:

f(xayaz)p7Q) =0.

It is supposed to have a solution of the form U(z,y,z) = 0. In that situation,
82 88% U1
p=o-=—55 =7 (say
al' %—g U3 ( )
(2104
qz%z—ﬁz UQ(Say)
Oy %—g U3 ’

Substituting these in the PDE:
F(x7y7 2, Ula U27 U3) =0

Now form the subsidiary equation:

de  dy dz AU, dU; _ dUs
Fy, Fy, Fy, —F, —F, —F

From these equations and the PDE, find Uy, Us and Us. Now

ou ou ou

= Uld:C + Ugdy + UgdZ
From this, we get the solution of the PDE, which is U(z,y,z) = 0.
Example 4.10. Consider the PDE: p?z + ¢%y = 2.

Substituting p == —g—; and ¢ == —%, the equation becomes

(8 ()

$U12 + yU22 — ZU32 =0

which gives

The auxiliary equation is

dx dy dz dU, dU, dUs

20U, 2yUs  —22Us  —U;2  —U2 U2
From the first and fourth equations, we get

o _ AUy dw _dUy G
2$U1 - —U12 21'_ —U1 1=

Bl



Similarly, Us = % and Us = %

Now substituting in the equation

ou ou ou
= &daz + ﬁdy + &dz,

YV

which on integration, yields the solution

[NIES
&

I

[SIES

1
Cizz  C:
_ 11 n 2Y

U +

D[ —
N
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Hence the solution to the PDE is

201V + 209y + 203z = 0.

4.5 Some special non linear PDE
4.5.1 Typel: f(p,q) =0

This type of a PDE does not contain x, y, z terms. It can be shown that the solution to such
a PDE is always of the form
z=ar+by+c,

where b has to be found in terms of a.
Example 4.11. Consider the PDE: p + ¢ = 1.
Here the solution must be of the form
z=azr+by+c.

Then, differentiating we get p = @ and ¢ = b. Then a+ b = 1, on elimination. Thusb=1—a
and the solution to the PDE is

z=arx+ (1—a)y+ec.
Note: Eventhough we have not derived the solution in Example 4.11, it is easy to very that
the PDE formed from the answer is p+ ¢ = 1.
4.5.2 TypelIl: f(p,q,z) =0

This type of a PDE does not contain x,y terms. It can be shown that the solution to such a
PDE is always of the form

z=¢(u), whereu=uz+ ay.
and ¢ has to be found.

To find ¢, we have p = g—z and ¢ = ag—z. Substituting p,q in f(p,q,z) = 0, we get

f(g—f“ ag—f“ z) = 0. This is an ODE in u and z, and can be solved to get z = ¢(u).
Example 4.12. Consider the PDE: p (1 + q) = gz=.
Assume that the solution is
z=¢(u), whereu=uz+ay.
Then, differentiating we get p = g—z and ¢ = ag—z Substituting in the given PDE, we get
1+ ag—z = az, which on solving gives

u=In(ci(az —1))+ ¢y
Thus the solution of the PDE is x + ay = In(az — 1) + 2



4.5.3 TypeIIl: z =pz+qy+ f(p,q)

This type of a PDE is said to be in Clairut’s form. The solution will be always of the form

z=ax+by+ f(p,q)-
It is easy to see that this is a solution to the given PDE by forming the corresponding PDE.
Example 4.13. Consider the PDE: z = pz + qy + p? + ¢°.
The solution is

z = ax + by + a® + V°.

4.5.4 Type IV : f(p,x) = g(q,v)

Here the PDE does not contain z term explicitly and can be separated in terms of x and y
along with their corresponding derivatives. Since x and y are independent variables separated
to two parts, they must be constant, if they are to be equal. Hence

flp,x) =g(q,y) =k

Now solve f(z,p) = k, to get p in terms of x and solve g(y,q) = k, to get ¢ in terms of y.
Let these be p = g1(x) and ¢ = g2(y). Now since dz = g—; dr + g—z dy, we have

dz = g1(z) dz + g2(y) dy,

which on integrating gives the solution to the PDE.

Example 4.14. Consider the PDE: g —p+2 —y = 0.

That is,
r—p=y—q=k
From z —p=Fk and y — g = k, we get

p=xz—k and ¢g=y—k.

Then dz = (x — k)dx + (y — k)dy, which on integration gives the solution

2 2

z:%—kx+%—ky+c.



5 Second order PDE

In this section, we consider the next level PDEs, the second order PDE having two indepen-
dent variables.

A second order PDE in two independent variables x,y has the general form:

0z 0z 0%z 0%z 0%z
F(%x’y’%’@iy’w7ax7&y’8iy2)io

. 2 . .
Also we use the notations U, for ‘g—g, Usy for é?Tgy’ ... when U is a function of x and y.

6 Classification of second order PDE

Suppose we write the second order PDE as

0%z 0%z 0%z 0z 0z
A8Z2 Lop PE Lo gz 92
Ox? + Oxdy +c oy? ¢ <z,;v,y, ox’ 8y>

Then we classify the PDE in the following order:
The PDE is said to be:
i Elliptic if AC — B?> >0
ii Parabolic if AC — B?> =0
iii Hyperbolic if AC — B? <0
Example 6.1. Consider the PDE:
2% Uy + 2y Uyy + y* Uy = 0.

HereA:xQ,B:y;andC:xyandsoAC—BQZy(x‘g—%).
Hence it is
iEllipticify>0&x3>%orify<0&$3<§

. o . o 3 y3
ii Parabolicify =0 or z° =

iii Hyperbolic if y >0 & 23 < £ orif y < 0 & 23 > £

7 Method of separation of variables

This method is adopted when the solution of the PDE happens to be in a product of two
terms each including only a single independent variable. That is, in this method we assume
that the solution is in the form

2, y) = X(2) Y (y),

where X is a function of z, not involving y and Y is a function of y, not involving x.

9z _ vy oz __ 0%z _ oy 0%z _ iy 0%z ¥
Then%—XY,afy—XY,W—X Y, 8xay_XY’67y2_XY

Note that to distinguish the derivative with respect to second variable, we use ‘dot’ notation.

After finding these derivatives, substitute them in the PDE. Now separate it in to two
sides so that the equation gets separated in its independent variables. Then it will be of the
form:

ODE(X,z) = ODE(Y,y) = k

Now solve the equations ODE(X,z) = k and ODE(Y,y) = k using ODE methods and find
the solutions X (x) and Y (y). Hence the solution to the given PDE will be

= X(2) Y(y).

10



Example 7.1. Consider the PDE: p = 2q + z.

Assume that the solution is z = XV. Then p = X'Y and ¢ = XY. Substituting in the
given PDE, '
X'Y =2XY + XY.
Separating to two sides:
1 1
X' —==@Q2Y+Y)=k.
~ =y Y +Y)
Now,
X' =kX = X =cet”

and ‘ -
2Y +Y =kY = Y =cge 2 Y.

k—
Hence the solution to the PDE is z = ce’“ele.

Now we consider three important PDEs; the Laplace equation, Wave equation and the
Heat equation.

7.1 Laplace Equation

This is an important equation which appears frequently in the potential theory. We solve it
by the method of separation of variables. Consider the Laplace equation in two variables

0’U  0°U
e+ =0
ox?  Oy?

Assume that the solution is U = X (z) Y (y). Now substituting in the Laplace equation,
XY +XY =0.

Separating
X" Y
—=—-==k.
X Y

There are three possible cases:

case 1: k=0

In this case,
"

720 jX”:O :>X:C1$+CQ

and .
\4 "
—5=0=V=0=Y=ay+a

Hence the solution in this case is
U(z,y) = (c1x + c2)(c3y + ca).
case 2: k>0

We take k = o®. Then solving the first part,

"
7:042 = X"=a?X = X=c1e*® +cye "

and .
v }
—y = o2 =Y =-0a’Y =Y =e"(c3c05 0y + ¢y sinay).

Hence the solution is

U(z,y) = (c1e*® +cae” **)(c3 cos ay + cq sinay).

11



case 3:

7.2

k<0

We take k = —a?. Then solving the first part,

X//

e =’ =2 X"=-0a’X =X ="(¢;cosax+ cosinax)

and

Y ..
—?:—a2 =Y =a?Y =Y =c3e™Y +cpe” Y,
giving the solution

U(z,y) = (c1 cosax + cg sinax)(cz e*Y + cge”*Y).

Wave Equation - Formation

We consider the vibrations of a stretched string, tied to both ends. Without loss of generality,
assume that the string is kept parallel to X-axis and the length of the string is L. If U denotes
the vertical displacement of a point on the string (on vibration), it depends on two quanities:

1.

2.

the distance of the point from the left end (denoted by x)

time elapsed after starting the vibration (denoted by t)

Hence

U="U(zx,t).

It is clear that the end points will not vibrate at any instant of time. Mathematically,

U(0,t) = U(L,t) = 0 for all £ > 0.

Figure 1: String before motion

In order to simplify the modeling, we make certain assumptions.

Vibration happens only in one dimension and each point of the string can move only
up and down (no horizontal motion happens).

The string is homogenous. That is the mass per unit lengh (linear density p) is the
same at any position of the string.

String is perfectly elastic and is not resistant to bending.

The tension at each point of the string is so large that the weight of the string can be
negleted.

The displacement and slopes are so small that their higher powers can be negleted.

Figure 2: String during motion

12



Figure 3: Enlarged portion PQ

To model the motion, we take a point P at a distance x from the left end and consider
another adjascent point @), at a small distance A x apart from P. We first find the equation
of motion of the arc PQ and then make @@ — P (or equivalently A z — 0) at the end in order
to get the equation of motion at the point P.

Let the angles that the tangents at P and () makes with X axis be a and (8 respectively.
Suppose that the magnitudes of tensions at P and @ be T} and 75 respectively, acting in
the tangential direction. Then the horizontal components of the tensions at P and ) are
respectively T} cosa and Ty cosf3 (to opposite directions).

Since there is no horizontal vibration, we have
T) cosa = Tocosf =T, (say) (1)

But we know that the string vibrates vertically. This happens due to the force in that
direction, which is the vertical components of the tensions at the points P and ). Thus the
effective force on the arc PQ is given by

F=Tysinf—Tsina (2)

But Newton’s law of motion says that the force on P(@ should be equal to the product of
mass and acceleration. Since the linear density is p and the length of PQ is A x, it mass is

A xp. Hence
0’U

From (2) and (3), we have the equation of motion of the arc PQ:

2
Tgsin,B—Tlsina:AxpaaTg (4)

Dividing this equation by the product of T' A z (and using T cosf = T1 cosa = T),

tan B —tana  p 0°U
—_— == — (5)

Az T ot2
Now tan 3 is the slope at @, that is %—g at z+ A x and tan « is the slope %—g at x. Applying
it,
U ou
9zl @) ~ ggl@ _ p O°U (©)
Az T 0Ot2
This is another form of equation of motion of the arc PQ). Now to get the equation of motion
at the point P, we take the limiting situation when Q — P or A x — 0. That is

ou ou
lim oz | (xz+azx) — %|(z) _ i £ 82U (7)
Az—0 Ax rz—0T Ot?

13



But then the LHS gives the partial derivative of g—g with respect to z and the RHS will not
have any change since it does not contain any A z. Thus

PU T U
o2 p Ox?

is the equation of vibration, known as the wave equation. Since p and T are strictly positive,

we usually take % as ¢ (or, sometimes £ oas c?). Thus the wave equation is

U, U

a7 =
Apart from the mentioned conditions
1. The left end does not move at any time. That is, U(0,t) = 0 for all ¢
2. The right end does not move at any time. That is U(L,t) = 0 for all ¢,
we make two more assumptions usually, while modeling the wave equation:
3. The initial position of the string is known. That is U(x,0) = f(z), say.

4. The initial velocity of the string is known. That is U(x,0) = g(x), say.

7.3 Wave Equation - solution

Consider the wave equation
0*U 9 0?U

a2~ Ba2
with the conditions U(0,t) =0 = U(L,t) for all t, U(z,0) = f(x) and U(z,0) = g(z).

Here we solve the wave equation by separation of variables method. Assume that the
solution is U(z,t) = X (z) Y (t). Substituting in wave equation,

XY =2X"Y
Separating

X" Y

X &y

There are three possible cases: k=0, k> 0 and k < 0.

[Before going in to these cases, we observe that the intial condition U(0,¢) = 0 implies
X(0)Y(t) =0, forcing X (0) = 0, since if Y (¢) = 0, there will not be any vibration as U = 0.
Similarly U(L,t) = 0 implies that X (L) = 0.]

case 1: k=0

In this case,
"

720 =X"=0 =X =cx+cs.
Now using the condition X (0) = 0, we get
co = 0.
Thus X (z) = ciz. Now X (L) = 0 implies

61:0

(as L is strictly positive). Thus
X(x) =0,

giving U = 0, leading to an uninteresting situation - there is no vibration at all.

14



case 2:

case 3:

k>0, say k = o2, where a > 0.

"

72042 =X"=0?X = X=c1e*® +cye "

Now using the condition X (0) = 0, we get

c1+co =0. (8)
Now X (L) = 0 implies
el 4 el =0 (9)
(8) x eF — (9) gives
c1=0

and substituting this ¢; in (8) gives
co = 0.

Thus
X(z) =0,

giving U = 0, leading to an uninteresting situation - there is no vibration at all.
k <0, say k = —a?, where o > 0.
Xl/

X
Now using the condition X (0) = 0, we get

= =2 X"=-a’X = X(z)=cicosax+cysinax

Cc1 = 0, (10)
making X (z) = ¢ sinax. Now X (L) = 0 implies
cosina L =0 (11)

Since ¢ # 0 (if ca =0, X = 0= U = 0), we must have oL = nm, foreachn =0,1,2,...
(negative values of n will repeat the values of a?).

Thus a = % and hence

X(z) =co sz’n%x, for each n.
Now we find the solution for Y. For this,
Y = —C)z202Y7

giving complex conjugate roots (£iac = £i “F€) for auxiliary equation and the solu-

tion

Y (t) = bicos (% t) + basin (% t) .
Thus the solution is given by

e,
L

. /nme .o/nT
) + bosin (— t)} Co Sin (fx) , for each n.

U(zx,t) = [blcos ( 7

But since cs, b1, b are arbitrary, they will also change as n vary. We use A,, B,, for
constants by co and by co respectively. Now

Up(z,t) = [Ancos (% t) + B,sin (% t)} sin <n%a:> , for each n.

15



But we know that for a homogenous equation, the sum of the solutions is also a solution.
Here it turns out that the infinite sum of these expressions form the general solution to
the wave equation. Hence

[e.e]
U(z,t) = Z (An cos % t+ By, sin % t) sin%x (12)
n=0

is the general solution to the wave equation. In order to find the arbitrary constants
A, and B,,, we need to apply the second and third boundary conditions.

Now, U(z,0) = f(z) gives
flx) = Z_%An sin%x,

which is actually the sine series expansion of f(x). From theory of fourier series, it
follows that

2 (L nm
A, == in—ax dx. 1
L/o f(z)sin 7 xdr (13)
Similarly, U(x,0) = g(z) gives
g(z) = ng_o B, % sin%x,

which is actually the sine series expansion of g(z). From theory of Fourier series, it
follows that

) L
Bn? = L/o g(x)sin%xdx,
which gives the constant
9 L
B, = ) g(m)sinn%xdx. (14)

Thus equation (12) togethor with (13) and (14) gives the complete solution of wave
equation.

7.3.1 Problems

1. A tightly streched string of lenth L is initially at rest in equilibrium position. If it is
set vibrating by giving to each its points a velocity Az(L — z), find the displacement of
string at any distance x from one end at any time £.

Solution: To solve this, let us consider the solution of wave equation

Uz, t) = Z (An cos % t+ By, sin % t) sin%x
n=0

Now the string is at rest in its equilibrium position initially. This means
U(z,0) =0= f(x).

So

ZAnsin%a::O

2
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Hence
ZB szn—tsm 7 Ty (15)

Now, the initial velocity at each point is given by

Ui(x,0) = \z(L — x) = g(x)

This means that
Z B, sin—x (16)

Using Fourier sine series,

9 L
%Bn =7 /0 Az (L — z) sin %x dx
That is
2 L
B, = pl) Az(L — x) sin n%:r dx
0 if n is even

’ 17

{ 24{\#3; otherwise (17)

Thus (15) with (17) gives the complete solution to the problem.

7.4 The D’Alemberts Solution to Wave Equation

If we observe the solution to wave equation (12), we can see that the solution can be written
in terms of x + ¢t and x — ct. We solve the wave equation

0*U 82U

oz~ a2
with the initial conditions u(z,0) = f(z) and w(x,0) = g(x) using D’Alemberts method.

We first define two new variables v = x + ¢t and w = x — ¢t. Then

Ov_y, Qw_y _, Ow__,

or ' dx Ot ot

Since # = ¥4 and t = %3, we can treat « and ¢ as functions of v and w. Thus U(z,t) can

be treated as a function of v and w. Now

BU oU Ov BUé?w
o ovor Towar YrtUe

(927(] B E 8£ B 2 oU \ ov n i oU \ ow
0x2 Oz \ Ox T ow\ox)or  ow\ox) oz
0 ov 0 ow
- va + 2va + wa-

and

In a similar way,
ou
E =2C (Uv — Uw)
and
0*U

W = 02 (va — 2va + wa) .

17



Substituting in wave equation, we get

which is the wave equation in the new variables.

To solve it, it is enough to integrate it, first with respect to v and then with respect to
w, partially. Thus the solution is

U(z,t) = ¢(x+ ct) + (x — ct),

where ¢ and 1 are arbitrary functions to be evaluated.

Using the condition U(x,0) = f(x), we get

o(z) + () = f(z) (18)
Now the second condition Uy(z,0) = g(x) implies
#(@) — ¥/ (@) = 2g(@) (19)
integrating (19) from z( to x, we get
8(w) — (a) = o) — o(ao) + ;[ gls)ds (20)

Adding (18) and (20),

and hence 0

bl +et) = ¢ [f(x +et) + ¢lao) — b(zo) + - /:Ct 4(s) ds] (21)
Similarly on doing (18) — (20), we get

sa=e) = [ro et~ ot 4 vten L [ gt 2

Thus

1 z+ct
Uz, t) =¢(x+ct) +(x—ct) == [flz+ct)+ f(z —ct)] + / g(s)ds,

2c

DN |

which is called the D’Alemberts solution to wave equation.

7.5 Heat Equation - Formation

Here we consider the conduction of heat through a uniform bar of length L. The temperature
at a cross sectional area of the bar, denoted by U, is a function of temperature ¢t and its
position (we measure it from one end point) x. That is, U = U(z, t).

In order to smoothen the modeling procedure, we make some assumptions:
1. The bar is of uniform area of cross section, say A.
2. The sides of the bar are insulated so that heat will not escape along the sides.

3. The temperature at each point of a cross sectional area are the same.

18



Consider a cross sectional area P at a distance x. Let ()1 be the heat flowing into this cross
sectional area. Now, if k is the conductivity of the material and A is the cross sectional area,
then the amount of heat entering into P is given by

A
ox (at =)

Q1= (23)
Consider an adjascent cross sectional area @), at a distance A x from P. Then the heat leaving
the cross section @ is given by

ou
0x (at z+az)

QQ =—kA (24)
Since the sides are assumed to be insulated, the difference amount [(23) - (24)] is the amount
of heat stored inside the portion P@Q. That is the heat stored inside PQ is given by

ou ou > (25)

H=krA|— - —
" <8:U (at z+az) O (at x)

Now if S is the specific heat (amount of heat required to raise the temperature of the material
of unit mass by 1°C) of the material, then the heat stored in PQ is given by

oU
= — 2
H=Sm 5 (26)

where m is the mass of PQ. Now, if p is the density of the material, m = pA A x (since
A A z is the volume of PQ) and equation (26) becomes

ou
ot’
But both the equations (25) and (27) give the heat stored inside PQ. Equating, we get

H=SpAAzx (27)

SpAAxaU—FaA<

ou ou
ot

%(a‘c T+AT) B %(at x)

ou Kk (%g’z—s—Am - %gb)
)

ot Sp Az

which gives the heat equation corresponding to the portion PQ. Now to get the heat equation
at the cross sectional area P, make () — P or equivalently, A x — 0:

67(] _ K lim da%|m+mc - %ﬂw
ot  Sp sz—0 Az ’

Thus the heat equation is

U _ x (O°U
ot Sp\ox2)’

Since k, S, p are nonnegative, we abreviate Sip as c2. Thus the heat equation is

ot 0x?’

19



7.6 Heat Equation - Solution

We solve heat equation by method of separation of variables. For this, we assume that
U(z,t) = X(x)T'(t).

Substituting this (derivatives of this) in the heat equation, we get

XT = AX'T
which gives

X" T

—_— = = ]{j

X 2T

Here k is a real number. There are three situations:
Case 1: k=0
Consider XTN =0 =>X"=0 = X(z)=Ciz+ Cs.
Now % =0 =T=0 = T(t) = C3. Thus the solution in this case is:
Uz, t) = (Crxz+ Cy)C3 = U(z,t)=Ax+ B

Case 2: k > 0, say k = o?.

2

Consider X” = a?X. The auxiliary equation is m? — o? = 0, giving distinct real roots,

m = «, —«. Then X is given by
X(z) = Cre™ + Coe™**

Now CQLT =a? =T=023T = T(t)=Cse*.

Hence the solution is given by

202¢

U(JE, t) - (Cleax + Cgeiax)Cg)eaQCzt = (Aeam + Be*ax)ea c
Case 3: k <0, say k = —a?.

Consider X” = —a?X. The auxiliary equation is m? 4+ a? = 0, giving complex conjugate
roots, m = ta, —i . Then X is given by

X(x) = Crcos ax + Caysinax

Now CQLT =—a? =T=-a232T = T(t)=Cse "
Hence the solution is given by

U(z,t) = (Cicos ax + Casin ozx)C’gefa%zt = (Acosax + B sin ax)e*a%?t

Note that if we impose the boundary conditions U(0,t) = 0 = U(L,t), here also Case 3 is
the only case of interest, as in the case of wave equation.

7.6.1 Problems

1. A rod of lenth L with insulated sides is initially at a uniform temperature Up. Its ends
are suddenly cooled to 0°C' and are kept at that temperature. Find the temperature
function.

Solution: The heat equation is Uy = c2Uy,. Since U(0,t) = 0 = U(L,t), the only case
of interest is when k < 0 or k = —a?. In this case the solution is given by

22t

U(z,t) = (Acosax + B sinax)e > €
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The conditions given are U(0,t) = 0 = U(L,t) and U(z,0) = Up. As in the case of
wave equation the first condition imply X (0) = 0, which means

0=Ae ™ = A=0
Thus
U(z,t) = (Bsin ax)efO‘QCQt
Now the second condition gives
0= BsinaLe " = sinal =0
which happens only if o = 5 for each n =0, 1,2,.... Thus the solution becomes

Up(x,t) = (By, sin %x}e‘a%% for each n.

and the general solution is obtained by summing up:

2

Uz, t) = Z(B” sin %aj)e*“ ¢t (28)
Imposing the third condition U(z,0) = Uy, we get
UO = Z(Bn sin n%:n)eo,

which is a sine series. Hence B,, are given by

2 (L . nmwx
Bn = LA UOS’ln (T) dx
20Uy
= —[1—(-1)"]. 2
20— (- (29)

Thus (27) with (28) gives the solution to the problem. That is

Uz, t) = Z 27? [1—(=1)"] sin (%Tm) o2t

is the required solution.
. The ends A and B of a rod 20cm long have the temperature at 30°C and 80°C' until

steady-state prevails. The temperature of the ends are changed to 40°C and 60°C
respectively. Find thetemperature distribution in the rod at time t.

Solution: This problem has two stages. First step is heating/cooling the rod in such a
way that the rod reaches in a steady state (that is a state in which temperature does
not vary further; thereby having no dependance on time). The second stage is giving
further heat/cooling so that the ends are changed to non-zero, constant temperatures.
So we need to do the problem in two stages.

Stage 1: Making the rod to a steady state in which the ends are at 30°C' and 80°C.
Since it is a steady state, %—[{ = 0. Now from heat equation, U; = c?Uy,, we get Uy =0
also. This means

XT=0and X"Y=0=T=0and X" =0=T=C; and X = Cyz + Cs.
So the temperature in steady state is (always) given by the equation:

U(x,t)=ax+b (taking C1C = a and C1C5 = b)
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To find a and b, apply the boundary conditions; that is U(0,¢) = 30 and U(20,t) = 80.
This gives a = % and b = 30. Thus the temperature distribution at steady state is given
by

Ula,t) = 22 430,

Stage 2: From steady state to another state where the temperatures at end points are
made to 40°C and 60°C.

Note that here we are starting from steady state. That is our initial temperature
distribution (at ¢t = 0) is given by U(z,0) = 32 + 30 for 0 < z < 20. Now we are
making the rod to reach to a temperature 40°C and 60°C' at the end points.

Apart from the heating/cooling effect supplied from outside, the temperature distribu-
tion is also affected by the existing temperature distribution prevailing at the steady
state. Hence our required temperature function U(x,t) will have two components: one
corresponding to the prevailing steady state (which is a function of = only and will
be denoted by Uj(z)) and the second one due to the temperature given from outside
(which will be a function of = as well as ¢, denoted as Us(z,t)). Thus

U(l‘,t) = Ul(CC) + Uz(x,t)

is the present temperature function required in the problem. Here the boundary con-
dition given are U(0,t) = 40, U(20,t) = 60 and U(z,0) = 3z + 30.

We need to find Uy and Us. Since Uj(x) does not depend on ¢, Uy, = 0 and from heat
equation we get Uy, = 0 and so U;(x) = ax+b as in the case of steady state. Again we
need the constants a and b. For this, use the conditions U;(0) = 40 and U;(20) = 60,
giving a = 1 and b = 40. Thus

Ui(z) =z +40

This forces the second temperature function U, to have 0°C at both end points, making
in to the standard problem discussed in the previous example. To see this,

U(z,t) =2+ 40+ Us(z,t) = Us(z,t) = U(z,t) —x — 40

Now Uz(0,t) = U(0,t) — 0 — 40 = 40 — 40 = 0 and Us(20,t) = U(20,t) — 20 — 40 =
60 — 60 = 0. Now, Us(x,0) ZU(x,O)—:U—ZIOZ%x—lO,

Hence we can find the function Us(z,t) as in the previous problem using the wave
equation with initial conditions

Uz(0,t) = 0, U(20,¢) = 0 and Us(z,0) = 3z — 10.

Think of U as Us in the following:

The heat equation is U; = c¢?U,,. Since U(0,t) = 0 = U(20,t), the only case of interest
is when k < 0 or k = —a?. In this case the solution is given by

22t

U(z,t) = (Acosax + B sinax)e” > €

The conditions given are U(0,¢) = 0 = U(20,t) and U(z,0) = 5z + 30. As in the case
of wave equation the first condition imply X (0) = 0, which means

0= Ae“‘zCQt =A4=0
Thus

202¢

U(x,t) = (Bsinar)e” “ ¢
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Now the second condition gives
0= BsinaLe " = sinal =0

which happens only if a = 5* for each n = 0,1,2,.... Thus the solution becomes

Upn(z,t) = (By, sin n%x)e_o‘%% for each n.

and the general solution is obtained by summing up:
Uz, t) = Z(B” sin %x)e_a%Qt (30)
Imposing the third condition U(xz,0) = $z — 10, we get

3 . nmw
5%~ 10 = Z(B” sin fx)eo,

which is a sine series. Hence B,, are given by

2 (E3 nmT
Y e
n 2 /, (2:U 0)sin T dx
20
= —— (14 2cosnm). (31)
nm

The solution to the problem is

2
U(z,t) = Ui(x) + Uz(x,t) = v + 40 — Z(% (1 4+ 2cosnm))sin %x)e*a%zt

is the required solution.
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